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Bell inequalities define experimentally observable quantities to detect non-locality. In general, they involve
correlation functions of all the parties. Unfortunately, these measurements are hard to implement for systems
consisting of many constituents, where only few-body correlation functions are accessible. Here we demonstrate
that higher-order correlation functions are not necessary to certify nonlocality in multipartite quantum states by
constructing Bell inequalities from one- and two-body correlation functions for an arbitrary number of parties.
The obtained inequalities are violated by some of the Dicke states, which arise naturally in many-body physics
as the ground states of the two-body Lipkin-Meshkov-Glick Hamiltonian.
Local measurements on entangled composite quantum sys-
tems may lead to correlations that cannot be simulated by
any local deterministic strategy assisted by shared random-
ness [1, 2]. This phenomenon is known as nonlocality. Apart
from its fundamental interest, non-locality has also turned into
a key resource for certain information-theoretic tasks, such as
key distribution [3] or certified quantum randomness genera-
tion [4]. Hence, revealing the nonlocality of a given composite
quantum state, or, in other words, certifying that it can be used
to generate nonlocal correlations upon local measurements, is
one of the central problems of quantum information theory.
Due to the structure of the set of classical correlations (see
below), the natural way of tackling this problem is to use Bell
inequalities [1]. These are linear inequalities formulated in
terms of expectation values (correlators) of tensor products of
measurements performed by the observers, and their violation
signals nonlocality. Many constructions of Bell inequalities
have been proposed (see e.g. Refs. [5]), however, most of
them involve full-order correlators, that is, expectation values
of observables of all parties). Intuitively, the latter carry most
of the information about correlations, and consequently Bell
inequalities based on them are the strongest ones, or even tight
(see, e.g., Refs. [6, 7]). But are these all-partite mean values
necessary to reveal nonlocality? It was recently shown in Ref.
[8, 9] that this is not the case, although expectation values
with all but one parties are still involved. Hence, one is led to
the more demanding question of whether certification of non-
locality is possible from the minimal information achievable
in this type of experiments, i.e. two-body expectation values.
This question also arises naturally in the context of exper-
imental implementations of Bell tests, in particular, in mul-
tipartite systems. It should be stressed that several interest-
ing multipartite states are already within reach of current ex-
perimental technology. In particular, four-qubit Smolin state
[10], eight-qubit GHZ state [11], and various Dicke states
[12, 13] were experimentally generated. However, in the case
of large systems determining experimentally expectation val-
ues of high-order is a hard task. Designing nonlocality tests
that rely solely on low-order correlators would facilitate their
experimental implementation.
It should also be stressed that an analogous question was
already explored in the case of entanglement, which next to
nonlocality is a key resource of quantum information theory
[14]. Several entanglement criteria relying solely on two-body
expectation values have been proposed [15]. In particular, in
[16] the possibility of adressing two-body statistics (although
not individually) via collective observables was exploited.
In this letter we address the above question and propose a
class of Bell inequalities constructed only from one and two-
body correlators that are violated by quantum states. We sim-
plify the problem by considering a subclass of symmetric Bell
inequalities, i.e., those that are invariant under a swap of any
pair of parties and characterize the corresponding polytope
of classical correlations. We also show that our inequalities
are powerful enough to certify nonlocality of the Dicke states
that are ground states of the two-body Lipkin-Meshkov-Glick
Hamiltonian [17], making our results promising from the ex-
perimental point of view.
Preliminaries.–Let us consider the standard Bell-type ex-
periment in which N spatially separated observers perform
measurements on their shares of some N -partite composite
quantum state ρ. In what follows we focus on the simplest
case where each party freely chooses one between two di-
chotomic measurements, whose outcomes we denote ±1. A
convenient way of describing the established correlations in
the two-outcome case is to use the collection of expectation
values (also called correlators)
{〈M(i1)j1 . . .M
(ik)
jk
〉 | k = 1, . . . , N} (1)
with il = 1, . . . , N and jl = 0, 1 (l = 1, . . . , k). We will refer
to these collections as to ordered real vectors of dimension
3N−1, and by saying correlations we mean the corresponding
vector. Also, the order of a correlator is the number of parties
k it involves [cf Eq. (1)], and, in particular, those with k = N
we call the highest-order correlators, while those with k = 2
the lowest-order or two-body correlators.
Within this framework, we say that the correlations repre-
sented by (1) are classical (or local) whenever, even if ob-
tained from composite quantum states, they can be simu-
lated by the observers with some shared classical informa-
tion as the only resource. Such correlations form a poly-
tope P, whose vertices are those collections (1) in which ev-
ery correlator takes the product form 〈M(i1)j1 . . .M
(ik)
jk
〉 =
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2〈M(i1)j1 〉 · . . . · 〈M
(ik)
jk
〉 with individual mean values 〈M(i1)j1 〉
being ±1.
Bell was the first to recognize that the set of classical cor-
relations can be constrained by certain inequalities, referred
to as Bell inequalities [1]. In fact, since classical correlations
form a polytope, P can be fully determined by a finite num-
ber of tight Bell inequalities, i.e., those corresponding to the
facets of P. Correlations that fall outside of P are called non-
local. Consequently, the problem of characterizing all clas-
sical correlations reduces to finding all tight Bell inequalities
for a given scenario. And, even if it sounds simple, the prob-
lem is difficult to resolve as the number of facets of the local
polytope grows rapidly with the number of parties.
Bell inequalities from one- and two-body correlators.–Most
of the known constructions of multipartite Bell inequalities
contain highest-order correlators, i.e., those with k = N in
Eq. (1). In the following, we will see that one can design
Bell inequalities that witness nonlocality only from one and
two-body expectation values. A general form of such a Bell
inequality is
N∑
i=1
(αi〈M(i)0 〉+ βi〈M(i)1 〉) +
N∑
i<j
γij〈M(i)0 M(j)0 〉+
+
N∑
i 6=j
δij〈M(i)0 M(j)1 〉+
N∑
i<j
εij〈M(i)1 M(j)1 〉+ βC ≥ 0, (2)
where αi, βj , γij , δij , and εij are some real parameters, while
βC is the so-called classical bound. The corresponding poly-
tope P2 of classical correlations is one constructed from the
elements of P by neglecting correlators of order higher than
two. In other words, we take all elements (vectors) of P
and simply remove those with k ≥ 3 [cf. Eq. (1)]. Analo-
gously, the vertices of P2 are those collections of correlators
for which 〈M(i)k M(j)l 〉 = 〈M(i)k 〉 · 〈M(j)l 〉, while the individ-
ual mean values are ±1.
The characterization of P2 reduces to finding all its facets,
i.e., tight two-body Bell inequalities. Although dimP2 =
2N2 is much smaller than the one of P, 3N − 1, it still grows
with N , thus difficulting the task of determining facets of P2.
One way to overcome this problem (and keep the dimension
constant irrespectively of N ) is to consider Bell inequalities
that obey some symmetries. For instance, one could consider
translationally invariant Bell inequalites consisting of corre-
lators involving only nearest neighbours, or, in the spirit of
Ref. [7], those that are invariant under any permutation of the
parties. While we leave the first case for further studies, be-
low we focus on the second case and construct symmetric Bell
inequalities with one and two-body correlators.
By imposing the permutational symmetry, one requires that
the expectation values 〈M(i)k 〉 and 〈M(i)k M(j)l 〉, with fixed
k, l and different i, j, appear in the Bell inequality (2) with
the same “weigths”, i.e., αi = α, βi = β, etc. This means
that the general form of a symmetric Bell inequality with one-
and two-body correlators is
I := αS0 + βS1 + γ
2
S00 + δS01 + ε
2
S11 ≥ −βC , (3)
where α, β, γ, δ, ε are real parameters. Then, by Sk and Skl
with k, l = 0, 1 we denote the one- and two-body correlators
symmetrized over all observers, i.e.,
Sk =
N∑
i=1
〈M(i)k 〉, Skl =
N∑
i 6=j=1
〈M(i)k M(j)l 〉. (4)
Geometrically, under this symmetry the polytope P2 is
mapped to a simpler one PS2 , which, idenpendently of
N , is always five-dimensional and its elements are vectors
(S0,S1,S00,S01,S11). Accordingly, PS2 is fully character-
ized if one knows all its facets, which we call tight symmetric
two-body Bell inequalities. Moreover, the number of vertices
is significantly reduced from 22N of P2 to 2(N2 + 1) of PS2 ,
and, as we will see below, vertices of the latter can be conve-
niently parameterized by three natural numbers (see appendix
A for more details). Precisely, for a given local deterministic
model, let us denote by a, b, c, and d the amount of parties
whose local expectation values 〈M(i)k 〉 (k = 0, 1) are {1, 1},
{1,−1}, {−1, 1}, and {−1,−1}, respectively. By definition
a+b+c+d = N , and therefore all vertices ofP2 are mapped
under the symmetry to four-tuples (a, b, c, d) forming a tetra-
hedron TN in N3 whose facets are determined by vanishing
one of a, b, c, or d. One can then prove (see appendix A)
that all vertices of PS2 are uniquely represented by those four-
tuples that belong to the boundary ∂TN of TN .
Then, for any local deterministic model the one-body sym-
metrized expectation values can be expressed within this
parametrization as Sk = a+ (−1)k(b− c)− d with k = 0, 1.
Moreover, since for any vertex of P2 it holds that Skl =
SkSl −
∑N
i=1〈M(i)k 〉〈M(i)l 〉 (k, l = 0, 1), the two-body ex-
pectation values are given by Sll = S2l −N , with l = 0, 1, and
S01 = S0S1− (a− b− c+ d). As a consequence, computing
the classical bound of the Bell inequality (3) is equivalent to
minimizing I being a function of a, b, c, and d over the bound-
ary of TN , i.e., βC = −min∂TN I .
A class of symmetric two-body Bell inequalities.– Using the
above characterization of the symmetric polytope of two-body
local models, we can now search for particular Bell inequal-
ities violated by multipartite quantum states. For sufficiently
low number of parties all Bell inequalities corresponding to
the facets of PS2 can be listed with the aid of a computer al-
gorithm and they will be presented elsewhere [18]. Here we
present a general class of few-parameter symmetric tight Bell
inequalities and show that they reveal nonlocality in quantum
states for any N .
To this end, in Eq. (3) we substitute γ = x2 and ε =
y2 with x, y being positive natural numbers, and δ = σxy,
where σ = ±1 stands for the sign of δ. Moreover, let α± =
x[σµ±(x+y)] with µ ≡ β/y, and assume that µ is an integer
with opposite parity to ε (γ) for odd N (even N ). Exploiting
3N # Bell inequalities in the class Total # of tight Bell inequalities
5 16 152
10 272 2018
15 1208 7744
20 3592 21274
TABLE I. The number of facets (second column) of PS2 that are
grasped by our class of Bell inequalities for various numbers of par-
ties N (first column). For comparison the third column contains the
total number of facets of PS2 .
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FIG. 1. (a) The effective (divided by the classical bound) maximal
violation of Ineq. (6) (red line) and the corresponding angle θ inM1
(blue line) as functions of N . (b) Effective violation of Ineq. (6) as
a function of θ for N = 10k with k = 1, 2, 3, 4. For large N the
violation is robust against misalignments of the second observable.
the above parameterization one then proves that the classical
bound of the resulting Bell inequality is (see appendix B)
βC =
1
2
[N(x+ y)2 + (σµ± x)2 − 1]. (5)
Interestingly, under the additional assumption that x and y are
coprimes, one can also analyze their tightness by hand (see
Ref. [18] for more details), and it follows that this class con-
tains a significant amount of facets ofPS2 (see Table I). Specif-
ically, this class contains those tight Bell inequalities that are
tangent to PS2 at vertices belonging to a single facet of TN .
A particular example of a Bell inequality of this form, arises
from x = y = −σ = 1, and α− = −2. According to (5),
βC = 2N and the resulting Bell inequality is
− 2S0 + 1
2
S00 − S01 + 1
2
S11 + 2N ≥ 0. (6)
To search for quantum violations of (6), we assume that all
parties have the same pairs of observables, i.e.,M(i)j =Mj
for every i. Without loss of optimality, these observables can
be taken to be equal toM0 = σz andM1 = cos θσz+sin θσx
for θ ∈ [0, pi] [19]. Denoting then by BN (θ) the Bell opera-
tor constructed from the above observables, the Bell inequal-
ity (6) is violated if there is θ such that BN (θ)  0. We
have numerically searched for the lowest negative eigenvalue
of BN (θ) for various values of N and the obtained results
are presented on Fig. 1. Clearly, the effective violation (di-
vided by the classical bound) grows with N , and becomes
more robust against misalignments of θ for large N . Also, the
corresponding eigenstate of BN (θ), i.e., the state maximally
violating (6) is always symmetric (but there are also antisym-
metric states violating this inequality), that is, it is invariant
under permutation of any two particles. Consequently, since
any (also mixed) N -qubit symmetric state is entangled if, and
only if, it is genuinely multipartite entangled (see e.g. Refs.
[20]), our Bell inequalities detect states that have genuine mul-
tipartite entanglement.
Nonlocality of physically relevant states.–As we have just
demonstrated, the two-body multipartite Bell inequalities de-
tect nonlocality of multipartite quantum states. But are these
inequalities powerful enough to reveal nonlocality in “phys-
ically relevant” states, as for instance ground states of spin
models that naturally appear in many-body physics? Here we
show that this is the case by constructing a class of two-body
symmetric Bell inequalities that are violated by the Dicke
states [21]. These are N -qubit states spanning the (N + 1)-
dimensional symmetric subspace of (C2)⊗N and read
|DkN 〉 = S(|{0, N − k}, {1, k}〉) (k = 0, . . . , N), (7)
where |{0, N − k}, {1, k}〉 is any pure product vector with
N − k qubits in the state |0〉 and k in the state |1〉, while
S denotes symmetrization over all parties. It is worth men-
tioning that |DkN 〉 are genuinely multipartite entangled for any
k 6= 0, N . Moreover, their entanglement properties have been
extensively studied in the literature (see e.g. Refs. [22, 23]
and references therein), and the state |D36〉 was recently gen-
erated experimentally [12].
In many-body physics, the Dicke states arise naturally
as the lowest-energy eigenstates of the isotropic Lipkin-
Meshkov-Glick Hamiltonian [17]:
H = − λ
N
N∑
i,j=1
i<j
(
σ(i)x σ
(j)
x + σ
(i)
y σ
(j)
y
)
− h
N∑
i=1
σ(i)z , (8)
which describesN spins interacting through the two-body fer-
romagnetic coupling (λ > 0), embedded into the magnetic
field acting along the z direction of strength h ≥ 0. Again,
σ
(i)
a (a = x, y, z) are the Pauli matrices acting at site i.
In what follows we consider the case of weak magnetic field
applied to the system, precisely h ≤ λ/N . Then, the ground
state of H is |DN/2〉 for even N and |DdN/2e〉 for odd N ,
except for the case of h = 0 and odd N , for which the lowest
energy is two-fold degenerate and the corresponding subspace
is spanned by |DkN 〉, with k = bN/2c and k = dN/2e.
The class of tight two-body symmetric Bell inequalities
that we use to detect nonlocality of the above Dicke states
is obtained by taking αN = N(N − 1)(dN/2e − N/2),
βN = αN/N , γN = N(N − 1)/2, δN = N/2, and εN = −1
in Eq. (3). This choice of parameters allows us to compute
analytically the classical bounds of the resulting Bell inequal-
ities for any N . Precisely, the minimization over ∂TN gives
βC(N) =
1
2
N(N − 1)
⌈
N + 2
2
⌉
(9)
4and also allows one to find five vertices at which these Bell
inequalities are tangent to PS2 , ensuring their tightness. (cf.
appendix C for the proof). It should be noticed that these Bell
inequalities are independent of the class presented previously,
and for N = 2 they reproduce the CHSH Bell inequality [24].
To prove that the resulting Bell inequalities are indeed
violated by the Dicke states, let again M(i)j (j = 0, 1)
be the qubit dichotomic observables at site i. Denoting
by BN the resulting Bell operator, the direct way to reach
the goal is to minimize the mean value 〈DkN |BN |DkN 〉 with
k = bN/2c, dN/2e. As before, we assume for simplicity
that all observers measure the same pair of observables, i.e.,
M(i)j = Mj . This makes BN permutationally invariant,
which together with the fact that the Dicke states are sym-
metric significantly simplifies the above problem. In fact, it
follows that 〈DkN |BN |DkN 〉 = Tr(ρkN B˜N ), where B˜N stands
for the two-qubit “reduced” Bell operator
B˜N = βC(N)14 + N2 αN (M0 ⊗ 12 + 12 ⊗M0)
+N(N−1)2 [γNM0 ⊗M0 + εNM1 ⊗M1
+δN (M0 ⊗M1 +M1 ⊗M0)] ,
+N2 βN (M1 ⊗ 12 + 12 ⊗M1) (10)
with 1d being a d × d identity matrix, and ρkN denotes any
two-qubit subsystem of |DkN 〉. Notice that the latter can be
computed by hand for any N and k (see appendix C).
As before, let us finally set the measurements to M0 =
σz and M1 = cos θσz + sin θσx with θ ∈ [0, pi], and
choose the particular Dicke state with k = dN/2e excita-
tions, for any N . Then, 〈DkN |BN |DkN 〉 can be computed to
be 4bN/2c sin2(θ/2)[(dN/2e+1) sin2(θ/2)−1], and the lat-
ter attains its minimum for
θNmin = ± arccos
( dN/2e
dN/2e+ 1
)
, (11)
resulting in the following quantum violations
〈DdN/2eN |BN |DdN/2eN 〉 = −
bN/2c
dN/2e+ 1 . (12)
Similar values can be obtained for k = bN/2c: it is enough
to rename (flip) the outcomes of Mj (j = 0, 1), because
|DbN/2cN 〉 is obtained from |DdN/2eN 〉 by swapping the ele-
ments of the computational basis {|0〉, |1〉}.
To summarize, our Bell inequalities are violated by the
Dicke states for anyN , although the effective violation decays
with N as 1/N3 (see Fig. 2). It should be stressed that, even
though from the previous analysis one may conclude that this
violation is purely bipartite, this is certainly not the case. The
Dicke states are symmetric, and therefore any marginal bipar-
tite correlations obtained from them in a Bell experiment with
the same two dichotomic observables per site are local; oth-
erwise all bipartite marginal correlations would be nonlocal,
contradicting the fact that in this case quantum correlations
are monogamous [25]. This also means that our results pro-
vide further examples, after [26], of local marginal bipartite
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FIG. 2. (a) Effective violation of Ineq. (6) by the Dicke states
|DdN/2eN 〉 as a function of N . The violation decays with N as 1/N3.
(b) Effective violation as a function of θ for various values of N .
correlations that are only compatible with global multipartite
nonlocal correlations (see also Ref. [18]).
Discussion and conclusion.–Bell inequalities allow detect-
ing nonlocality in composite quantum states. They involve ex-
pectation values of products of local measurements performed
by the observers. A natural question is about the minimal
amount of knowledge (in terms of the size of correlators) that
is needed to reveal nonlocality. Here we have demonstrated
that multipartite two-body Bell inequalities are enough to wit-
ness nonlocality for an arbitrary number of parties.
Interestingly, our inequalities are violated by symmetric
states, making our result feasible from the experimental point
of view. First, such states appear naturally as ground states
of models that can be realized with ultracold atoms or ions,
such as Lipkin-Meshkov-Glick like models with long range
interactions (for ionic spin 1/2 and spin 1 realizations see
[28, 29], for cold atoms in nanophotonic waveguides see [30]),
or degenerated ground states of the ferromagnetic Heisen-
berg model [31]. Second, in multipartite symmetric states
one-body and two-body expectation values can be addressed
via collective measurements of total spin operators Sα =
(1/2)
∑N
i=1 σ
(i)
α (α = x, y, z) and simple second-order func-
tions thereof, respectively (see e.g. Ref. [27]). We have
shown, for instance, that the nonlocality of some of the half-
filled Dicke states can be certified from only two correlators
〈σ(1)z σ(2)z 〉 and 〈σ(1)z σ(2)x 〉, which within the above framework
can be expressed as 〈σ(1)z σ(2)z 〉 = (4〈S2z 〉−N)/N(N−1) and
〈σ(1)z σ(2)x 〉 = ([Sz, Sx]+〉)/N(N − 1) with [·]+ denoting the
anticommutator. Such measurements are routinely realized in
atomic systems with current experimental technologies, such
as spin polarization spectroscopy [32, 33].
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APPENDIX
Appendix A: Characterization of vertices of PS2
LetP2 be the polytope of all local models constructed from
P by forgetting the correlators of order higher than two, and
let V be a set containing 2N vertices of P2. Recall that
the latter are those local strategies for which 〈M(i)k M(j)l 〉 =
〈M(i)k 〉 · 〈M(j)l 〉 and 〈M(i)k 〉 = ±1, for i, j = 1, . . . , N and
k, l = 0, 1. Moreover, by PS2 we denote the image of P2
under symmetrization, i.e., the set of five-dimensional vectors
(S0,S1,S00,S01,S11) (13)
with Sk and Skl (k, l = 0, 1) defined by
Sk =
N∑
i=1
〈M(i)k 〉, Skl =
N∑
i,j=1
i 6=j
〈M(i)k M(j)l 〉, (14)
that are computed for all elements of P2. Analogously, by VS
we denote the set of vertices ofPS2 . Our aim now is to charac-
terize the elements of VS and identify those vertices ofP2 that
are mapped onto the vertices of P2,S . In particular, we will
demonstrate that |VS | = 2(N2 + 1), which is a significantly
smaller number than |V | = 22N .
To this end, for every element of V we denote by
xi = 〈M(i)0 〉, yi = 〈M(i)1 〉, (15)
the pair of local deterministic expectation values (those that
assume values±1) for party i, and by {xi, yi} the correspond-
ing local strategy. Then, we notice that the values of S0 and
S1 do not depend on particular local strategies applied by the
parties but rather on their amount. This suggests introducing
the following parametrization:
a = #{i ∈ {1, . . . , N} |xi = 1, yi = 1}
b = #{i ∈ {1, . . . , N} |xi = 1, yi = −1},
c = #{i ∈ {1, . . . , N} |xi = −1, yi = 1},
d = #{i ∈ {1, . . . , N} |xi = −1, yi = −1}. (16)
In other words, for a given vertex of P2, a, b, c, and d stand
for the number of parties who apply one of the four differ-
ent local strategies {1, 1}, {1,−1}, {−1, 1}, or {−1,−1}, re-
spectively. Clearly, a + b + c + d = N , and by means of
these four numbers, the symmetrized local expectation values
Sk (k = 0, 1) can be expressed as
S0 = a+ b− c− d, S1 = a− b+ c− d. (17)
6Furthermore, since for every element of V it holds that
Sxy = SxSy −
N∑
i=1
〈M(i)x 〉〈M(i)y 〉 (x, y = 0, 1), (18)
by using the parametrization (16) together with Eqs. (17), we
can rewrite the two-body symmetrized expectation values as
S00 = S20 −N = (a+ b− c− d)2 −N,
S11 = S21 −N = (a− b+ c− d)2 −N, (19)
and
S01 = S0S1 −
N∑
i=1
〈M(i)x 〉〈M(i)y 〉 (20)
= (a+ b− c− d)(a− b+ c− d)− (a− b− c+ d).
Thus, all vertices of P2 are mapped under symmetrization
onto elements of PS2 that can later be parameterized by ele-
ments of the following set {(a, b, c, d) ∈ N4 | a+ b+ c+ d =
N}, which is isomorphic to a tetrahedron inN3
TN = {(a, b, c) ∈ N3 | a+ b+ c ≤ N}. (21)
In addition, the facets of TN contain those three-tuples
(a, b, c) for which either abc = 0 or a + b + c = N (equiva-
lently d = 0). The cardinality of TN , which is basically the
number of all possible choices of four natural numbers sum-
ming up toN , and it amounts to (1/6)(N+1)(N+2)(N+3).
In what follows, we show that vertices of PS2 are uniqely
represented by all those 4-tuples from TN that belong to its
boundary ∂TN , i.e., those for which the condition abcd = 0
is satisfied.
Theorem 1. Let us denote by ϕ : TN 7→ PS2 the above
parametrization, i.e.,
ϕ((a, b, c, d)) = (S0,S1,S00,S01,S11). (22)
Then ϕ(p) is a vertex of PS2 iff p ∈ ∂TN .
Proof. We start from the “only if” part. Assume on the con-
trary that p = (a, b, c, d) belongs to the interior of TN ,
which means that all its components are larger than zero,
(i.e., a, b, c, d ≥ 1). Then, let us consider a vector v =
(1,−1,−1, 1) /∈ TN and notice that the values of Sk and
Skk with k = 0, 1 are constant along the line p + λv for any
λ ∈ R, while S01(p + λv) = S01(p) − 4λ. Hence, for any
α, β > 0,
αϕ(p+ βv) + βϕ(p− αv)
= α(S0(p),S1(p),S00(p),S01(p)− 4β,S11(p))
+β(S0(p),S1(p),S00(p),S01(p) + 4α,S11(p))
= (α+ β)(S0(p),S1(p),S00(p),S01(p),S11(p))
= (α+ β)ϕ(p), (23)
which allows us to express ϕ(p) as
ϕ(p) =
α
α+ β
ϕ(p+ βv) +
β
α+ β
ϕ(p− αv). (24)
Now choose α = min{a, d} and β = min{b, c}. Then, both
p + βv and p − αv belong to the boundary of TN , and con-
sequently ϕ(p) ∈ PS2 represented by p can be written as a
convex combination of two other elements p + min{a, d}v
and p −min{b, c}v of PS2 . This implies that ϕ(p) cannot be
extremal.
In order to prove the “if” part, assume that p ∈ ∂TN and
ϕ(p) = (S0,S1,S00,S01,S11) is not a vertex of PS2 . Then,
ϕ(p) can be decomposed into a convex combination of ver-
tices ofPS2 that are represented within our parametrization by
pi = (ai, bi, ci, di) ∈ TN , i.e.,
ϕ(p) =
k∑
i=0
λiϕ(pi) (25)
with 0 < λi < 1 summing up to unity, and
ϕ(pi) = (S(i)0 ,S(i)1 ,S(i)00 ,S(i)01 ,S(i)11 ). (26)
By combining Eqs. (22) and (26), Eq. (25) is equivalent to the
following five equations:
Sl =
k∑
i=0
λiS(i)l , Sll =
k∑
i=0
λiS(i)ll (27)
for l = 0, 1, and
S01 =
k∑
i=0
λiS(i)01 . (28)
Since for all vertices of P2 it holds that S(i)ll = [S(i)l ]2 − N
[cf. Eqs. (19)], Eqs. (27) imply that S(i)l must satisfy
∑
i
λi
(
S(i)l
)2
=
(∑
i
λiS(i)l
)2
(l = 0, 1). (29)
If we think of Eq. (29) as a quadratic equation for a particular
S(m)l , i.e., i.e.,
λm(λm − 1)
(
S(m)l
)2
+ 2λmS(m)l
∑
i 6=m
λiS(i)l
+
∑
i 6=m
λiS(i)l
2 −∑
i 6=m
λi
(
S(i)l
)2
= 0 (30)
it has real solutions if and only if its discriminant is nonnega-
tive, which in turn holds iff
− 4λ0
∑
i<j
i,j 6=m
λiλj
(
S(i)l − S(j)l
)2
≥ 0. (31)
Since all λ’s are positive, the above condition is fulfilled iff
S(i)l = S(j)l for all i, j 6= m and l = 0, 1. Due to the fact that
(31) must be obeyed for any m, we have eventually that
S(i)l = S(j)l = Sl (32)
7for any i, j = 1, . . . , k and l = 0, 1.
On the other hand, the assumption that ϕ(p) is not a vertex
of PS2 , i.e., that it can be decomposed as in (25), means that
S(i)01 cannot be equal, as otherwise pi are all the same. If we
then express S01 = S0S1 − (a − b − c + d) and S(i)01 =
S(i)0 S(i)1 − (ai − bi − ci + di), this, in virtue of Eq. (32),
implies
a− b− c+ d =
∑
i
λi(ai − bi − ci + di). (33)
If we further note that
ai + bi + ci + di = N = a+ b+ c+ d (34)
must hold for any i, we infer that a, b, c, and d are convex
combinations of ai, bi, ci, and di, respectively, and, as a result
p =
k∑
i=1
λipi. (35)
In order to complete the proof (that is, to reach the con-
tradiction with the assumption) it is enough to notice that
p ∈ intTN , since not all of pi can belong to the same facet of
TN . In fact, if all pi belong to the same facet of the tetrahe-
dron, one of their coordinates (the same one for all i) must be
zero (for instance, ai = 0). Then, it directly follows from Eqs.
(32) and (34) that all pis are equal, contradicting the assump-
tion that (25) is a proper convex combination. Consequently,
p belongs to the interior of the tetrahedron, which contradicts
the assumption that p ∈ ∂TN , completing the proof.
Appendix B: A class of symmetric Bell inequalities
In this appendix, we revisit the three-parameter class of
symmetric multipartite Bell inequalities and compute in de-
tail its classical bound. Recall for this purpose that γ = x2
and ε = y2, where x and y are positive integers. Assume that
µ = β/y ∈ Z, δ = σxy and α± = x[σµ±(x+y)] with σ de-
noting the sign of δ, and further that the parity of µ is opposite
to that of ε (γ) for odd N (even N ). In what follows we will
show that the classical bound of the resulting Bell inequality
is
βC =
1
2
[
N(x+ y)2 + (σµ± x)2]− 1
2
. (36)
First, note that for all local deterministic models, the left-hand
side of (3) can be rewritten as
I = αS0 + βS1 + γ
2
(S20 −N) + δ(S0S1 − z) +
ε
2
(S21 −N),
(37)
where z = a − b − c + d. The above choice of parameters
further implies that
I =
x2
2
S20 + σxyS0S1 +
y2
2
S21 −
N
2
(x+ y)− σxyz
+x[σµ± (x+ y)]S0 + βS1 , (38)
which can rewritten as
I =
1
2
(xS0 + σyS1 + σµ± x)2 − 1
2
(σµ± x)2
+xy(±S0 ∓ σS1 − σz)− 1
2
N(x+ y). (39)
Within the parameterization (17),±S0∓σS1−σz = 4r−N ,
where r depends on α and the sign of δ (i.e., σ) as follows:
r =

b, for α+, σ = 1
a, for α+, σ = −1
c, for α−, σ = 1
d, for α−, σ = −1
. (40)
As a consequence
I =
1
2
(xS0 + σyS1 + σµ± x)2 + 4xyr
−1
2
[
(σµ± x)2 +N(x+ y)2] . (41)
When comparing the above expression with Eq. (36), it fol-
lows that in order to prove the latter to be the classical bound
of I , it is enough to show that
(xS0 + σyS1 + σµ± x)2 + 8xyr ≥ 1. (42)
Since both x and y are positive integers, the above inequality
is trivially satisfied if r 6= 0. For r = 0 (i.e., when optimiz-
ing over the facets of TN ), observe that the expression in the
parentheses is integer. Therefore, the inequality (42) is not
satisfied only if the parenthesis is equal to zero. To prove that
this may not happen, we will show that the above assumptions
guarantee that the parity of xS0 + σyS1 + σµ ± x is always
odd. Let us consider the cases of odd and even N separately.
For odd N , one finds that both S0 and S1 are odd. Hence,
xS0 + σyS1 + σµ ± x has the same parity as y + µ. Then,
by assumption, µ has opposite parity to ε. Noting that ε = y2,
and that both y2 and y have the same parity, we conclude that
y + µ is odd, meaning that the above expression cannot be
zero. For even N , S0 as well as S1 are even, implying that
xS0 + yσS1 is even. The assumptions further guarantee that
σµ± x is odd, and therefore the expression is nonzero.
Under the additional assumption that x and y are coprimes
one is also able to determine analitycally all vertices of PS2
saturating these Bell inequalities, and thus check their tight-
ness. The detailed considerations will be presented elsewhere
[18].
Appendix C: Violation of two-body Bell inequalities by the
Dicke states
Here we compute in detail the classical bound of the Bell
inequality violated by the Dicke states, and present the ex-
plicit form of the reduced bipartite subsystem of the Dicke
state |DdN/2eN 〉.
8The classical bound
The explicit form of these Bell inequalities for evenN reads
IeN =
N(N − 1)
4
S00 + N
2
S01 − 1
2
S11 ≥ −βC , (43)
while for odd N ,
IoN =
1
2
(
N
2
)
S00 + N
2
S01 − 1
2
S11
+
N(N − 1)
2
S0 + N − 1
2
S1 ≥ −βC . (44)
Our aim is to prove that the minimal value of the Bell in-
equalities (43) and (44) over local models is given by
min
∂TN
I
e/o
N = −
1
4
{
N(N − 1)(N + 2), N even
N(N − 1)(N + 3), N odd,
(45)
and, their classical bound is then βC = −min∂TN Ie/oN .
For this purpose, let us first notice that for classical correla-
tions the following contraints hold:
−N ≤ S00,S11 ≤ N(N − 1), |S01| ≤ N(N − 1), (46)
and |Sk| ≤ N with k = 0, 1. Hence, the first term in Eqs.
(43) and (44) is the dominant one (it is of the fourth order in
N , while the remaining ones are of the second or third orders
in N ). This means that in order to minize Ie/oN over the lo-
cal models, one needs to make the term containing S00 small.
Since S00 = S20 − N , the above expression suggests treating
S0 as a parameter with which to lower the number of variables
in the optimization. Then, among all the solutions parameter-
ized by S0 we can choose the smallest one.
Let us now switch to the parametrization in terms of (16).
We already know that S0 = a+ b− c−d which together with
a+ b+ c+ d = N , allows us to decrease the number of free
variables in the optimization down to two. That is, by taking,
for instance,
a =
1
2
(N + S0)− b, c = 1
2
(N − S0)− d, (47)
we can express the two-body expectation values as
S00 = S20 −N, S11 = [N − 2(b+ d)]2 −N, (48)
and
S01 = S0[N − 1− 2(b+ d)] + 2(b− d), (49)
where we now consider b and d as free variables that are non-
negative integers constrained as
0 ≤ b ≤ 1
2
(N + S0), 0 ≤ d ≤ 1
2
(N − S0). (50)
Notice finally that from theorem 1 it follows that, in or-
der to find βC , it suffices to minimize I
e/o
N over the 4-tuples
(a, b, c, d) belonging to the boundary of the tetrahendron, i.e.,
those for which abcd = 0. Eqs. (47) imply that the cases of
a = 0 or d = 0 are now equivalent to b = (1/2)(N + S0) or
d = (1/2)(N−S0), respectively, in (50). Whithin this frame-
work, treating S0 as a parameter means that we intersect the
three-dimensional tetrahedron with hyperplanes of constant
S0 and look for the minimal value of Ie/oN for points lying on
the boundary of the resulting two-dimensional object. Then,
we choose the optimal solution among those parametrized by
S0.
In what follows we will separate the proof into the cases of
even and odd N , and in each one we consider all the facets of
the tetrahedron separately.
Even N
When combining Eqs. (48) and (49) with Eq. (43), one
obtains a function in b and d parameterized by S0:
IeN (b, d;S0) =
1
2
{N(N − 1)
2
(S20 −N)− [N − 2(b+ d)]2
+N [S0(N − 2(b+ d)− 1) + 2(b− d)] +N
}
.
Case a=0. As commented before, this case is equivalent to
b = (N + S0)/2, which when applied to Eq. (51) gives
IeN (
N+S0
2 , d;S0) =
1
4
(N2 − 3N − 2)(S20 −N)
−d[2d+ S0(N + 2) +N ]. (51)
This is a quadratic function in dwhich, since its second deriva-
tive with respect to d is negative, it has a local maximum.
Therefore, it attains its minimal value either at d = 0 or
d = (N − S0)/2. In the first case, IeN (N+S02 , 0;S0) =
(1/4)(S20 −N)(N2 − 3N − 2), which is clearly minimal for
S0 = 0. Hence IeN (N+S02 , 0; 0) = −(1/4)N(N2 − 3N − 2).
In the second case, i.e., d = (N − S0)/2, Eq. (51) implies
IeN (
N+S0
2 ,
N−S0
2 ;S0) = −
N(N − 1)
4
[N +2−S0(S0 − 2)].
(52)
It is easy to check that this expression attains its lowest value
at either S0 = 0 or S0 = 2, which corresponds to
IeN (
N+S0
2 ,
N−S0
2 ;S0) = −
1
4
N(N−1)(N+2) (S0 = 0, 2),
(53)
i.e., the value in Eq. (45). Hence, for two different 4-tuples(
0,
N
2
, 0,
N
2
)
,
(
0,
N
2
+ 1, 0,
N
2
− 1
)
, (54)
we obtain the value of IeN given in Eq. (45).
Case b=0. It follows from Eq. (51)
IeN (0, d;S0) =
1
2
{N(N − 1)
2
(S20 −N)− (N − 2d)2 +N
+N [S0(N − 2d− 1)− 2d]
}
. (55)
9It is again not difficult to see that the second derivative of
IeN (0, d;S0) with respect to d is negative, and therefore we
look for its minimal value at the boundary of the range of d.
For d = 0 the above expression reduces to the right-hand side
of Eq. (52), which, as previously mentioned, has minima for
S0 = 0 and S0 = 2. This results in two additional elements
of T4 for which IeN attains the value in Eq. (45), i.e.,(
N
2
− 1, 0, N
2
+ 1, 0
)
,
(
N
2
, 0,
N
2
, 0
)
(56)
For d = (N − S0)/2, it follows from Eq. (55) that
IeN (0,
N−S0
2 ;S0) =
1
4
(S20 −N)(N2 +N − 2), (57)
which has a minimum at S0 = 0 giving the fifth point saturat-
ing our Bell inequality(
N
2
, 0, 0,
N
2
)
. (58)
Cases c=0 or d=0. First, we notice that the case c = 0
is equivalent to d = (N − S0)/2. Then, following exactly
the same reasoning as above, one straightforwardly finds that
assuming either d = (N−S0)/2 or d = 0, the lowest value of
IeN is −(1/4)N(N − 1)(N + 2) and is obtained for the same
five vectors as before, i.e., (54), (56), and (58).
Odd N
By applying Eqs. (47), (48), and (49), we can turn IN into
a two-variable function
IoN (b, d;S0) =
1
4
N(N − 1)[S0(S0 + 4)−N ]− 2(b2 + d2)
−b[4d− 1 +N(S0 − 2)]− d(NS0 − 1)
(59)
parameterized by S0. Notice that since N is odd, S0 is also
odd.
Case a=0. This case is equivalent to b = (N + S0)/2, and
the latter when applied to Eq. (59) gives
IoN (
N+S0
2 , d;S0) = −d[2d+ S0(N + 2) + 2N − 1]
+
1
4
(N2 − 3N − 2)(S20 −N)
+
1
2
(N − 1)2S0
= IeN (
N+S0
2 , d;S0) + d+
1
2
(N − 1)2S0.
(60)
Since the second derivative of IoN (
N+S0
2 , d;S0) with respect
to d is negative for any S0, it has its minimal value either at
d = 0 or d = (N − S0)/2. For the first case, one obtains
IoN (
N+S0
2 , 0;S0) =
1
4
(S20−N)(N2−3N−2)+
1
2
(N−1)2S0
(61)
which is minimal at S0 = 0, and it reads IoN (N+S02 , 0; 0) =−(1/4)N(N2 − 3N − 2).
For d = (N − S0)/2, it follows from Eq. (60) that
IoN (
N+S0
2 ,
N−S0
2 ;S0) = −
1
4
N(N − 1)(N + 4−S20 ). (62)
Clearly, the above expression is minimal for S0 = 0, but since
S0 must be odd, we obtain the lowest value for S0 = ±1. As a
result, the Bell expression IoN attains the minimum value (45)
at the following two elements of TN(
0,
N ± 1
2
, 0,
N ∓ 1
2
)
. (63)
Case b=0. For b = 0, Eq. (59) simplifies to
IoN (0, d;S0) =
1
4
N(N − 1)[S0(S0 + 4)−N ]− 2d2
−d(NS0 − 1). (64)
IoN (0, d;S0) is thus a quadratic function in d that has a lo-
cal maximum. Hence, it attains its minimal values at the
boundary of the range of d, i.e., either for d = 0 or for
d = (N − S0)/2. For d = 0,
IoN (0, 0;S0) =
1
4
N(N − 1)[S0(S0 + 4)−N ], (65)
which, since S0 must be odd, is minimal at S0 = −3 or S0 =
−1, and the corresponding value is−(1/4)N(N−1)(N+3).
Consequently, at the following two vertices(
N − 1
2
, 0,
N + 1
2
, 0
)
,
(
N − 3
2
, 0,
N + 3
2
, 0
)
(66)
IoN attains (45).
For d = (N − S0)/2, Eq. (64) reads
IoN (0,
N−S0
2 ;S0) = −
N − 1
4
[(N+2)(N−S20 )−2(N+1)S0].
(67)
Since S0 is odd, IoN is minimal at S0 = −1. The correspond-
ing minimum is −(1/4)N(N − 1)(N + 3), and it is attained
at (
N − 1
2
, 0, 0,
N + 1
2
)
. (68)
Cases c=0 or d=0. Similarly, for either c = 0 or d = 0, the
minimal value of IoN is −(1/4)N(N − 1)(N + 3), which is
attained at the five vertices (63), (66), and (68).
In conclusion, the lowest value of Ie/oN for both even and
odd N is the one given in Eq. (45) and is realized by five
elements of TN : (54), (56), and (58) for even N , and (63),
(66), and (68) for odd N . This also implies that the Bell in-
equality Ie/oN is tangent to P2,S on five vertices. Since these
are linearly independent, the Bell inequality indeed represents
a facet of PS2 .
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A bipartite reduction of the Dicke states
The bipartite subsystem of the Dicke state |DkN 〉 can be de-
termined analytically (see e.g. Ref. [27]). For k = dN/2e, it
has the following form
ρ
dN/2e
N =
1
N(N − 1)

pN 0 0 0
0 qN qN 0
0 qN qN 0
0 0 0 rN
 , (69)
where pN = (bN/2c − 1)bN/2c, qN = bN/2cdN/2e, and
rN = (dN/2e − 1)dN/2e.
